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Motivation: Geometry
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Gr(k,n) :={W C C" | dim(W) = k} = {k x n matrices of rank k} /(row operations).
Gr(k, n) is stratified into open positroid varieties. Here's the top-dimensional one:

kn = AX € Gr(k,n) | A1 «(X), D2, xk11(X), ..., An1, k—1(X) # 0},
where A;(X) =maximal minor of X with column set /.

Example (k =2, n = 4)

o~ 10 a b
2,4:{(0 1 ¢ d)‘a#O,d%O,ad#bc}.

e Point count over F,? #M34(F)=(g—1)-(¢—1)-(¢° — g +1).
e Poincaré polynomial over C?  P(M5,:q) = (g +1)-(¢+1)-(¢° + g+ 1).
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Gr(k,n) :={W C C" | dim(W) = k} = {k x n matrices of rank k}/(row operations).

@ Point count: # Gr(k,n;Fy) = [ﬂq,
e Poincaré polynomial: Y, g’ dim H*(Gr(k, n; C)) = [ﬂq, where

g :=1+q+-+0"% [nlgl=[Uel2de[nle:  [}]y = miiem = Drche(ri @

@ Rational Catalan numbers: for a, b > 1 such that gcd(a, b) =1, let

1 [fa+b
Cop = .
b a+b< a >

e Includes the usual Catalan numbers: C, .1 = a+1 (%).
° Counts the number of Dyck paths |n5|de an a x b rectangle E g C35 = 7
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where C¢(q, t) is the Khovanov—Rozansky homology polynomial of a certain knot.
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Let gcd(k,n) = 1. Then the bigraded Poincaré polynomial of My , is given by

n—1
P(Ng i q,t) = (q% E t%) Cion-idd, 1)

@ Arbitrary open positroid varieties [17 are labeled* by permutations f € S,,.

1

n—1
e f €85, is asingle cycle = P(I%; q, t) is divisible by (q% + t§> :

Theorem (G.—Lam (2020))
o Let f € S, be a single cycle. Then

P(q,) = (qF + t%)"_l )

where C¢(q, t) is the Khovanov—Rozansky homology polynomial of a certain knot.

@ Both P(M%; q,t) and C¢(q, t) are q, t-symmetric and unimodal.
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o Let i < j be an inversion of f. Swapping f(i) and f(j), we get a product of two
cycles. Let fU4) be the cycle through i.

01234560123

4560123456

(fy=2, 4(f)=(34



0F):={i<j|f(i)>Ff(j)and 0<i<n},  ~(f):= (k(F),n(f) — k(f)).
o Let i < j be an inversion of f. Swapping f(i) and f(j), we get a product of two
cycles. Let fU4) be the cycle through i.

\\\\\\\. N\

af—z @4) (”0—23



0F):={i<j|f(i)>Ff(j)and 0<i<n},  ~(f):= (k(F),n(f) — k(f)).
o Let i < j be an inversion of f. Swapping f(i) and f(j), we get a product of two
cycles. Let fU4) be the cycle through i.

AL TN,

af—z VU)(3® (”3—23

L0lz23en00l2dll.

34560123456

H(F19) = (1,1)



0F):={i<j|f(i)>Ff(j)and 0<i<n},  ~(f):= (k(F),n(f) — k(f)).
o Let i < j be an inversion of f. Swapping f(i) and f(j), we get a product of two
cycles. Let fU4) be the cycle through i.
@ The inversion multiset ['(f) consists of all points v(f(4)) where i < j is an
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0F):={i<j|f(i)>Ff(j)and 0<i<n},  ~(f):= (k(F),n(f) — k(f)).
o Let i < j be an inversion of f. Swapping f(i) and f(j), we get a product of two
cycles. Let fU4) be the cycle through i.
@ The inversion multiset ['(f) consists of all points v(f()) where i < j is an
inversion of f.

Definition
fis repetition—free if the inversion multiset F(f) has no repeated elements.
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Definition

f is repetition-free if the inversion multiset ['(f) has no repeated elements.

@ Here are all possible repetition-free I'(f)'s for k = 4, n = 8:
4 4 4 4

4 4 4 4 4

o For a subset I of the k x (n — k) rectangle, let T := T 11 {(0,0), (k,n — k)}.
e We say that I is convex if I = Z2 N Conv(T).

Theorem (G.—Lam (2021))

o f is repetition-free => T'(f) is convex and centrally symmetric.
o Conversely, any convex centrally symmetric [ arises from some repetition-free f .
o f is repetition-free => C¢(q. t)|q=t=1 = #{Dyck paths avoiding T'(f)}.

1 1\ -1
Recall: P(N%; q,t) = (q5 + t5) Ce(q, t).
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