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Motivation: Geometry



Gr(k , n) := {W ⊆ Cn | dim(W ) = k} = {k × n matrices of rank k}/(row operations).

Gr(k , n) is stratified into open positroid varieties. Here’s the top-dimensional one:

Π◦k,n := {X ∈ Gr(k , n) | ∆1,...,k(X ),∆2,...,k+1(X ), . . . ,∆n,1,...,k−1(X ) 6= 0},

where ∆I (X ) =maximal minor of X with column set I .

Example (k = 2, n = 4)

Π◦2,4
∼=
{(

1 0 a b
0 1 c d

)∣∣∣∣a 6= 0, d 6= 0, ad 6= bc

}
.

Point count over Fq? #Π◦2,4(Fq) = (q − 1) · (q − 1) · (q2 − q + 1).

Poincaré polynomial over C?

P(Π◦2,4; q) = (q + 1) · (q + 1) · (q2 + q + 1).

Π◦2,4(C) ∼=
homotopy equivalent

× ×



Gr(k , n) := {W ⊆ Cn | dim(W ) = k} = {k × n matrices of rank k}/(row operations).
Gr(k , n) is stratified into open positroid varieties. Here’s the top-dimensional one:

Π◦k,n := {X ∈ Gr(k , n) | ∆1,...,k(X ),∆2,...,k+1(X ), . . . ,∆n,1,...,k−1(X ) 6= 0},

where ∆I (X ) =maximal minor of X with column set I .

Example (k = 2, n = 4)

Π◦2,4
∼=
{(

1 0 a b
0 1 c d

)∣∣∣∣a 6= 0, d 6= 0, ad 6= bc

}
.

Point count over Fq? #Π◦2,4(Fq) = (q − 1) · (q − 1) · (q2 − q + 1).
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Poincaré polynomial over C?

P(Π◦2,4; q) = (q + 1) · (q + 1) · (q2 + q + 1).

Π◦2,4(C) ∼=
homotopy equivalent

× ×



Gr(k , n) := {W ⊆ Cn | dim(W ) = k} = {k × n matrices of rank k}/(row operations).
Gr(k , n) is stratified into open positroid varieties. Here’s the top-dimensional one:

Π◦k,n := {X ∈ Gr(k , n) | ∆1,...,k(X ),∆2,...,k+1(X ), . . . ,∆n,1,...,k−1(X ) 6= 0},

where ∆I (X ) =maximal minor of X with column set I .

Example (k = 2, n = 4)

Π◦2,4
∼=
{(

1 0 a b
0 1 c d

)∣∣∣∣a 6= 0, d 6= 0, ad 6= bc

}
.

Point count over Fq? #Π◦2,4(Fq) = (q − 1) · (q − 1) · (q2 − q + 1).
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Gr(k , n) := {W ⊆ Cn | dim(W ) = k} = {k × n matrices of rank k}/(row operations).

Point count: # Gr(k , n;Fq) =
[
n
k

]
q
,

Poincaré polynomial:
∑

i q
i dimH2i(Gr(k , n;C)) =

[
n
k

]
q
, where

[n]q := 1 + q + · · ·+ qn−1, [n]q! := [1]q[2]q · · · [n]q,
[
n
k

]
q

:= [n]q!
[k]q![n−k]q! =

∑
λ⊆k×(n−k) q

|λ|.

Rational Catalan numbers: for a, b > 1 such that gcd(a, b) = 1, let

Ca,b :=
1

a + b

(
a + b

a

)
.

Includes the usual Catalan numbers: Ca,a+1 = 1
a+1

(
2a
a

)
.

Counts the number of Dyck paths inside an a × b rectangle. E.g. C3,5 = 7:
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[
n

k

]
q

:=
[n]q!

[k]q![n − k]q!
=

∑
λ⊆k×(n−k)

q|λ|; Ck,n−k :=
1

n

(
n

k

)
if gcd(k , n) = 1.

Theorem (G.–Lam (2020))

Let gcd(k , n) = 1. Then the point count and the Poincaré polynomial of Π◦k,n are

#Π◦k,n(Fq) = (q − 1)n−1 · C ′k,n−k(q), where C ′k,n−k(q) =
1

[n]q

[
n

k

]
q

;

P(Π◦k,n; q) = (q + 1)n−1 · C ′′k,n−k(q2), where C ′′k,n−k(q) =
∑

P∈Dyckk,n−k

qarea(P).

Corollary: a uniformly random point of Gr(k , n;Fq) belongs to Π◦k,n(Fq) with probability

(q − 1)n

qn − 1
.

←− does not depend on k?!

Common generalization?
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P(Π◦k,n; q) = (q + 1)n−1 · C ′′k,n−k(q2), where C ′′k,n−k(q) =
∑

P∈Dyckk,n−k

qarea(P).

LHS: H∗(Π◦k,n) admits a canonical second grading via the Deligne splitting. The bigraded

Poincaré polynomial P(Π◦k,n; q, t) ∈ N[q
1
2 , t

1
2 ] specializes to both #Π◦k,n(Fq) and P(Π◦k,n; q).

RHS: The rational q, t-Catalan number Ck,n−k(q, t) specializes to C ′k,n−k(q) and C ′′k,n−k(q).

Theorem (G.–Lam (2020))

Let gcd(k , n) = 1. Then the bigraded Poincaré polynomial of Π◦k,n is given by

P(Π◦k,n; q, t) =
(
q

1
2 + t

1
2

)n−1
Ck,n−k(q, t).
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The combinatorics



Assume that f ∈ Sn is a single cycle.

0 1 2 3 4 5 6

0 1 2 3 4 5 6

−→
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4

2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

. . .. . .

. . .. . .

`(f̃ ) = 6,

n(f ) = 7, k(f ) = 3, γ(f ) = (3, 4)

permutation f ∈ Sn

bounded affine permutation f̃ : Z→ Z

f̃ (i) ≡ f (i) (mod n), f̃ (i + n) = f̃ (i) + n, i < f̃ (i) < i + n for all i .

`(f̃ ) := {i < j | f̃ (i) > f̃ (j) and 0 6 i < n},

dim(Π◦f ) = k(n − k)− `(f̃ ).

n(f ) := n, k(f ) := #{i | f (i) < i}, γ(f ) := (k(f ), n(f )− k(f )).



Assume that f ∈ Sn is a single cycle.

0 1 2 3 4 5 6

0 1 2 3 4 5 6

−→
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4

2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

. . .. . .

. . .. . .

`(f̃ ) = 6,

n(f ) = 7, k(f ) = 3, γ(f ) = (3, 4)

permutation f ∈ Sn

bounded affine permutation f̃ : Z→ Z

f̃ (i) ≡ f (i) (mod n), f̃ (i + n) = f̃ (i) + n, i < f̃ (i) < i + n for all i .

`(f̃ ) := {i < j | f̃ (i) > f̃ (j) and 0 6 i < n},

dim(Π◦f ) = k(n − k)− `(f̃ ).

n(f ) := n, k(f ) := #{i | f (i) < i}, γ(f ) := (k(f ), n(f )− k(f )).



Assume that f ∈ Sn is a single cycle.

0 1 2 3 4 5 6

0 1 2 3 4 5 6

−→
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4

2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

. . .. . .

. . .. . .

`(f̃ ) = 6,

n(f ) = 7, k(f ) = 3, γ(f ) = (3, 4)

permutation f ∈ Sn bounded affine permutation f̃ : Z→ Z

f̃ (i) ≡ f (i) (mod n), f̃ (i + n) = f̃ (i) + n, i < f̃ (i) < i + n for all i .

`(f̃ ) := {i < j | f̃ (i) > f̃ (j) and 0 6 i < n},

dim(Π◦f ) = k(n − k)− `(f̃ ).

n(f ) := n, k(f ) := #{i | f (i) < i}, γ(f ) := (k(f ), n(f )− k(f )).



Assume that f ∈ Sn is a single cycle.

0 1 2 3 4 5 6

0 1 2 3 4 5 6

−→
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4

2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

. . .. . .

. . .. . .

`(f̃ ) = 6,

n(f ) = 7, k(f ) = 3, γ(f ) = (3, 4)

permutation f ∈ Sn bounded affine permutation f̃ : Z→ Z

f̃ (i) ≡ f (i) (mod n), f̃ (i + n) = f̃ (i) + n, i < f̃ (i) < i + n for all i .

`(f̃ ) := {i < j | f̃ (i) > f̃ (j) and 0 6 i < n},

dim(Π◦f ) = k(n − k)− `(f̃ ).

n(f ) := n, k(f ) := #{i | f (i) < i}, γ(f ) := (k(f ), n(f )− k(f )).



Assume that f ∈ Sn is a single cycle.

0 1 2 3 4 5 6

0 1 2 3 4 5 6

−→
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4

2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

. . .. . .

. . .. . .

`(f̃ ) = 6,

n(f ) = 7, k(f ) = 3, γ(f ) = (3, 4)

permutation f ∈ Sn bounded affine permutation f̃ : Z→ Z

f̃ (i) ≡ f (i) (mod n), f̃ (i + n) = f̃ (i) + n, i < f̃ (i) < i + n for all i .

`(f̃ ) := {i < j | f̃ (i) > f̃ (j) and 0 6 i < n},

dim(Π◦f ) = k(n − k)− `(f̃ ).

n(f ) := n, k(f ) := #{i | f (i) < i}, γ(f ) := (k(f ), n(f )− k(f )).



Assume that f ∈ Sn is a single cycle.

0 1 2 3 4 5 6

0 1 2 3 4 5 6

−→
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4

2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

. . .. . .

. . .. . .

`(f̃ ) = 6,

n(f ) = 7, k(f ) = 3, γ(f ) = (3, 4)

permutation f ∈ Sn bounded affine permutation f̃ : Z→ Z

f̃ (i) ≡ f (i) (mod n), f̃ (i + n) = f̃ (i) + n, i < f̃ (i) < i + n for all i .

`(f̃ ) := {i < j | f̃ (i) > f̃ (j) and 0 6 i < n},

dim(Π◦f ) = k(n − k)− `(f̃ ).

n(f ) := n, k(f ) := #{i | f (i) < i}, γ(f ) := (k(f ), n(f )− k(f )).



Assume that f ∈ Sn is a single cycle.

0 1 2 3 4 5 6

0 1 2 3 4 5 6

−→
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4

2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

. . .. . .

. . .. . .

`(f̃ ) = 6,

n(f ) = 7, k(f ) = 3, γ(f ) = (3, 4)

permutation f ∈ Sn bounded affine permutation f̃ : Z→ Z

f̃ (i) ≡ f (i) (mod n), f̃ (i + n) = f̃ (i) + n, i < f̃ (i) < i + n for all i .

`(f̃ ) := {i < j | f̃ (i) > f̃ (j) and 0 6 i < n}, dim(Π◦f ) = k(n − k)− `(f̃ ).

n(f ) := n, k(f ) := #{i | f (i) < i}, γ(f ) := (k(f ), n(f )− k(f )).



Assume that f ∈ Sn is a single cycle.

0 1 2 3 4 5 6

0 1 2 3 4 5 6

−→
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4

2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

. . .. . .

. . .. . .

`(f̃ ) = 6,

n(f ) = 7, k(f ) = 3, γ(f ) = (3, 4)

permutation f ∈ Sn bounded affine permutation f̃ : Z→ Z

f̃ (i) ≡ f (i) (mod n), f̃ (i + n) = f̃ (i) + n, i < f̃ (i) < i + n for all i .

`(f̃ ) := {i < j | f̃ (i) > f̃ (j) and 0 6 i < n}, dim(Π◦f ) = k(n − k)− `(f̃ ).

n(f ) := n, k(f ) := #{i | f (i) < i}, γ(f ) := (k(f ), n(f )− k(f )).



Assume that f ∈ Sn is a single cycle.

0 1 2 3 4 5 6

0 1 2 3 4 5 6

−→
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4

2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

. . .. . .

. . .. . .

`(f̃ ) = 6, n(f ) = 7, k(f ) = 3, γ(f ) = (3, 4)

permutation f ∈ Sn bounded affine permutation f̃ : Z→ Z

f̃ (i) ≡ f (i) (mod n), f̃ (i + n) = f̃ (i) + n, i < f̃ (i) < i + n for all i .

`(f̃ ) := {i < j | f̃ (i) > f̃ (j) and 0 6 i < n}, dim(Π◦f ) = k(n − k)− `(f̃ ).

n(f ) := n, k(f ) := #{i | f (i) < i}, γ(f ) := (k(f ), n(f )− k(f )).



`(f̃ ) := {i < j | f̃ (i) > f̃ (j) and 0 6 i < n}, γ(f ) := (k(f ), n(f )− k(f )).
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4
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For a subset Γ of the k × (n − k) rectangle, let Γ̂ := Γ t {(0, 0), (k , n − k)}.

We say that Γ is convex if Γ̂ = Z2 ∩ Conv(Γ̂).

Theorem (G.–Lam (2021))

f is repetition-free =⇒ Γ(f ) is convex and centrally symmetric.

Conversely, any convex centrally symmetric Γ arises from some repetition-free f .

f is repetition-free =⇒ Cf (q, t)|q=t=1 = #{Dyck paths avoiding Γ(f )}.

Recall: P(Π◦f ; q, t) =
(
q

1
2 + t

1
2

)n−1
Cf (q, t).
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Theorem (G.–Lam (2021))

f is repetition-free =⇒ Γ(f ) is convex and centrally symmetric.

Conversely, any convex centrally symmetric Γ arises from some repetition-free f .

f is repetition-free =⇒ Cf (q, t)|q=t=1 = #{Dyck paths avoiding Γ(f )}.

Conjecturally, Cf (q, t) for f repetition-free coincides with the generalized q, t-Catalan numbers
Cλ(q, t) of [GHSR20] (where λ is the partition above Γ(f )).
[BHMPS21] define a symmetric function for each λ one of whose coefficients is Cλ(q, t).
They conjecture that it is Schur positive whenever λ avoids a convex shape!

[GHSR20] E. Gorsky, G. Hawkes, A. Schilling, and J. Rainbolt. Generalized q, t-Catalan numbers. Algebr. Comb.,

3(4):855–886, 2020.

[BHMPS21] J. Blasiak, M. Haiman, J. Morse, A. Pun, and G. H. Seelinger. A Shuffle Theorem for Paths Under Any

Line. arXiv:2102.07931, 2021.

Thanks!

https://arxiv.org/abs/2102.07931
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