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@ Input: Py, P,,..., P, € R*2 massless: P? := P'2,1 + P;2,2 - Pi2,3 - Pi2,4 =0,

1 1
momentum conservation: Py + P, +---+ P, = 0.




Overview

o Input: Py, P,,..., P, € R*? massless: P? := P2, + P?, — P?; — P?, =0,

1
momentum conservation: Py + P, +---+ P, =0.

@ Output: Scattering amplitude
A(PL Py, .. Py = Y Ap=Al=0 4 A= 4 AlL=2)
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° Input: P1,P,,..., P, € R*? massless: P := P?, + P?, — P?3 — P?, =0,

1
momentum conservation: Py + P, +---+ P, =0.
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BCFW recursion computes A(LZO)(P:L_7 Py, Ps, P4+7 P5+, PgL) in two different ways:



BCFW recursion computes A(L:o)(Pl_7 Py, Ps, P4+7 P5+, PgL) in two different ways:

(a—xa)°
[45+6]1)° [12][23](45) (56) [1[2+3[4)[3[4-+5[6)
[34][23](56) (61)[2[3+4[5) (x1 —xa)? _ " (12)3[45]°
" [6]11+2]3)° (16)[34][3]4+5]6) [5[6+1[2) (x5 —x2)°
[61][12](34) (45)[2[3+4[5) (x5 —x2)? (23)%[56)°

+ (34)[16][1]2+3]4)[5]6+1]2) (x1 —x4 )2



BCFW recursion computes A(L:o)(Pl_7 Py, Ps, Pj, P5+, PgL) in two different ways:
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T eI 314 6+ 1120 (= )2

It is far from obvious that these two representations of the amplitude are
equivalent.

— [Hodges. Eliminating spurious poles from gauge-theoretic amplitudes. 2009]
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It is far from obvious that these two representations of the amplitude are
equivalent. Nor is it immediately apparent that the poles [2|3 + 4|5), [1|2 + 3|4),
[3]4 + 5|6), [5|6 + 1|2) are spurious, each of them cancelling, apparently
miraculously, when the terms are added.

— [Hodges. Eliminating spurious poles from gauge-theoretic amplitudes. 2009]




BCFW recursion computes A(LZO)(P:L_7 Py, Ps, P4+7 P5+, PgL) in two different ways:

(a—xa)°
[45+6]1)° [12][23](45) (56) [1[2+3[4)[3[4-+5[6)
[34][23](56) (61)[2[3+4[5) (x1 —xa)? _ " (12)3[45]°
" [6]11+2]3)° (16)[34][3]4+5]6) [5[6+1[2) (x5 —x2)°
[61][12](34) (45)[2[3+4[5) (x5 —x2)? (23)%[56)°

T eI 314 6+ 1120 (= )2

It is far from obvious that these two representations of the amplitude are
equivalent. Nor is it immediately apparent that the poles [2|3 + 4|5), [1|2 + 3|4),
[3]4 + 5|6), [5]6 + 1|2) are spurious, each of them cancelling, apparently
miraculously, when the terms are added.

— [Hodges. Eliminating spurious poles from gauge-theoretic amplitudes. 2009]

Amplituhedron philosophy: [Hodges '09] [Arkani-Hamed-Trnka '13]



BCFW recursion computes AL=0) (P Py Py, P, P, Py) in two different ways:

(x1—xa)®
[45+6[1)° [12][23](45) (56) [1]2+3]4) [3]4+5]6)
[34][23](56) (61) [2[3+4[5) (x1 —x4)? _ + (12)3[45)3
4 [6]11+2]3)° 16)[34][3|4+5\6 [5]6-+1]2) (x5 —x2)?
[61][12] (34) (45 [2|3+4‘5)(X5 X2)2 ) 563

34)[16][1|2+3\4)[5\6+1|2 Ga—xa)?

A AL

Amplituhedron philosophy: [Hodges '09] [Arkani-Hamed-Trnka '13]

@ Ways to run BCFW recursion — triangulations of the amplituhedron



BCFW recursion computes A(LZO)(P:L_7 Py, Ps, Pj, F’5+7 P*) in two different ways:

(1 —x)°
[4l5+6[1)° [2]T3](@5) (56) 12+ 3 34516}
BAIIZ3](56) (61) 23-+415) G — )7 . (12)°[a5]?
N [6]1+213)* (T6)BAIBAT5[6) 516+ 112) (s — )7
[61][12](34) (45)[2|3+4|5) (x5 —x2)? (23)3[56]°

34)[16][1|2+3\4 [5\6+1\2 x1—xa )

A AL

Amplituhedron philosophy: [Hodges '09] [Arkani-Hamed-Trnka '13]
@ Ways to run BCFW recursion — triangulations of the amplituhedron

@ Terms in BCFW recursion <— pieces of a triangulation



BCFW recursion computes A(LZO)(P:L_7 Py, Ps, Pj, F’5+7 PgL) in two different ways:

(a—xa)°
[4/5+6]1)° [12][23](45) (56)[1]2+3]4)[3]4+56)
[34][23](56) (61)[2[3+4]5) (x1 —xa)? _ i (12)3[45)°
4 [6]1+2]3)° (16)[34][3]4+5]6) [5]6+1]2) (x5 —x2)?
[61][12](34) (45)[2[3+4[5) (x5 —x2)° (23)3[56)°

(34) [16][1|2+3\4 [5\6+1\2 X1 —xa)?

¥4

Amplituhedron philosophy: [Hodges '09] [Arkani-Hamed-Trnka '13]
@ Ways to run BCFW recursion — triangulations of the amplituhedron
@ Terms in BCFW recursion <— pieces of a triangulation

@ Physical singularities <— external boundaries of the amplituhedron



BCFW recursion computes A(LZO)(P:L_7 Py, Ps, Pj, F’5+7 P*) in two different ways:

(0 —)°
[4]5+6]1)° [T21[23](45) (56) [1[2 +3[4) 314 5[6)
BaI231(56) (6 1) [213-+415) (1 7 . (12)°fas]?
N [6]1+2]3)° {16V BAI34+516) [516-F112) (x5 )7
[6TI[12](34) (45) 213+ 415) (x5 )2 (23)°56]°

(34) [16][1|2+3\4 [5\6+1\2 X1 —xa)?

¥4

Amplituhedron philosophy: [Hodges '09] [Arkani-Hamed-Trnka '13]
@ Ways to run BCFW recursion — triangulations of the amplituhedron
@ Terms in BCFW recursion <— pieces of a triangulation

@ Physical singularities +— external boundaries of the amplituhedron:
o (jj+1), [ij+1, and (x—x)*



BCFW recursion computes A(LZO)(P:L_7 Py, Ps, Pj, F’5+7 PgL) in two different ways:

(a—xa)®
[45+6[1)3 [12][23](45) (56) [1|2+3]4)[3]4+5]6)
[341[23](56) (61)[2]3+4[5) (x1 —x4)? _ + (12)3[45)°
n [6]1+2]3)3 (16)[34][3]4+5]6) [5[6+1]2) (x5 —x2)°
[61][12](34) (45)[2[3+4[5) (x5 —x2)* (23)3[56)°

34)[16][1\2+3\4 B516-1112) (x1—a)?

A A

Amplituhedron philosophy: [Hodges '09] [Arkani-Hamed-Trnka '13]
@ Ways to run BCFW recursion — triangulations of the amplituhedron
@ Terms in BCFW recursion <— pieces of a triangulation
@ Physical singularities +— external boundaries of the amplituhedron:
o (jj+1), [ij+1], and (x—x)%

@ Spurious singularities «+— boundaries between pieces



BCFW recursion computes A(L:o)(Pl_7 Py, Ps, Pj, P5+, PgL) in two different ways:

(a—xa)°
[4/5+6]1)° [12][23](45) (56)[1]2+3]4)[3]4+56)
[34][23](56) (61)[2[3+4]5) (x1 —xa)? _ i (12)3[45)°
4 [6]1+2]3)° (16)[34][3]4+5]6) [5]6+1]2) (x5 —x2)?
[61][12](34) (45)[2[3+4[5) (x5 —x2)° (23)%[56)°

34)[16][1\24»3\4 [5\6+1\2 x1—xa )

A AL

Amplituhedron philosophy: [Hodges '09] [Arkani-Hamed-Trnka '13]
@ Ways to run BCFW recursion — triangulations of the amplituhedron
@ Terms in BCFW recursion <— pieces of a triangulation
@ Physical singularities +— external boundaries of the amplituhedron:
o (jj+1), [ij+1], and (x—x)%

Spurious singularities «— boundaries between pieces

A(P1, Py, ..., P,) «— "volume" of the amplituhedron



Overview

o Input: Py, P,,..., P, € R*? massless: P? := P2, + P?, — P?; — P?, =0,

1
momentum conservation: Py + P, +---+ P, =0.

@ Output: Scattering amplitude

AP, P Py = Y Ap=Al0 4 A= L A=2)

dingram D olE
@ Loop BCFW recursion: AD) = Z A(FL).
[Britto—Cachazo—Feng—Witten '05] L-punctured planar

bicolored graph rerffnﬁ‘(’{)




Overview

° Input: P1,P,,..., P, € R*? massless: P := P?, + P?, — P?3 — P?, =0,

i i,
momentum conservation: Py + P, +---+ P, =0.

@ Output: Scattering amplitude
A(PL Py .. Py = Y Ap=Al0 4 Al=D 4 A=)

Feynman L=|E|—|V|+1
diagram D
oL AD) ()
@ Loop BCFW recursion: A = E A
e - W\ , L-punctured planar
[Britto—Cachazo—Feng-Witten '05] . " graph TS

@ Momentum amplituhedron: ME(LE,



Overview

° Input: P1,P,,..., P, € R*? massless: P := P?, + P?, — P?3 — P?, =0,

i i,
momentum conservation: Py + P, +---+ P, =0.

@ Output: Scattering amplitude
A(PL Py .. Py = Y Ap=Al0 4 Al=D 4 A=)

dingram D olE
@ Loop BCFW recursion: AD) = Z A(FL).
[Britto—Cachazo—Feng—Witten '05] L-punctured planar |

bicolored graph T'el, 7/ ()
@ Momentum amplituhedron: M(Lz,, T-dual amplituhedron: AE(L_)Q -



Overview

° Input: P1,P,,..., P, € R*? massless: P := P?, + P?, — P?3 — P?, =0,

i i,
momentum conservation: Py + P, +---+ P, =0.

@ Output: Scattering amplitude
A(PL Py .. Py = Y Ap=Al0 4 Al=D 4 A=)

dingram D olE
@ Loop BCFW recursion: AD) = Z A(FL).
[Britto—Cachazo—Feng—Witten '05] L-punctured planar |

bicolored graph T'el, 7/ ()

@ Momentum amplituhedron: M(Lz, T-dual amplituhedron: AE(L_)Q,H.

@ BCFW tiles: each term A(rL) = "volume” of a subset of MSJ‘,{ or AEf_)Q,n.



Overview
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Overview

o Input: Py, P,,..., P, € R*? massless: P? := P2, + P?, — P?; — P?, =0,

1

momentum conservation: P; 4+ Py + -+ + P, = 0.

@ Output: Scattering amplitude
A(PL Py, .. Py = Y Ap=Al=0 4 A= 4 AlL=2)
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This is true.




o Input: P1,Ps,..., P, € R*? massless: P} := P}, + P7, — P35 — P7, =0,

1
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Conjecture (BCFW triangulatlon conjecture [AHT’ 13])
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Theorem (G.'26+)

This is true.




1
momentum conservation: P + P, +---+ P, =0.

Input: Py, Ps,..., P, € R*? massless: P} := P}, + P}, — P35 — P, =0,

Output: Scattering amplitude
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This is true.
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[Even-Zohar—Lakrec—Parisi-Tessler—-Sherman-Bennett-Williams '23],



o Input: P1,Ps,..., P, € R*? massless: P} := P}, + P7, — P35 — P7, =0,

1
momentum conservation: P + P, +---+ P, =0.

@ Output: Scattering amplitude
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@ BCFW tiles: each term A(rL) = "volume" of a subset of Mﬁ or AE(L_)Q,H.

Conjecture (BCFW triangulation conjecture [AHT'13])

The BCFW tiles triangulate /\/lff,)1 and .AS(L_)z)n.

Theorem (G.'26+)

This is true.

o Special cases: A\ [ELT'21], [ELPSBTW'23],  M("? [G.24).



1
momentum conservation: P + P, +---+ P, =0.

@ Input: Py, P,,..., P, € R*? massless: P? := P? + P?, — P?; — P?, =0,

@ Output: Scattering amplitude
A(PL, Py Py = Y Ap = A0 4 AED 4 A=)

Feynman L=|E|—|V|+1
diagram D
sl (L)
@ Loop BCFW recursion: A = A
e u AL , L-punctured planar
[Britto—Cachazo-Feng-Witten '05] . =" graph Terechy

@ Momentum amplituhedron: M&Lz T-dual amplituhedron: AEBZ".

@ BCFW tiles: each term A(rL) = "volume" of a subset of Mﬁ or AE(L_)z,n.

Conjecture (BCFW triangulation conjecture [AHT'13])

The BCFW tiles triangulate /\/lff,)1 and Agf_)z)n.

Theorem (G.'26+)

This is true.

o Special cases: A{"~) [ELT'21], [ELPSBTW'23], M ? [G.24).

@ Proof relies on the origami—amplituhedron correspondence [G.'24].



i= Kawasaki's theorem

XA 6 languages v

Article Talk

From Wikipedia, the free encyclopedia

Kawasaki's theorem or Kawasaki—
Justin theorem is a theorem in the
mathematics of paper folding that
describes the crease patterns with a
single vertex that may be folded to
form a flat figure. It states that the
pattern is flat-foldable if and only if
alternatingly adding and subtracting
the angles of consecutive folds
around the vertex gives an alternating
sum of zero. Crease patterns with
more than one vertex do not obey
such a simple criterion, and are NP-
hard to fold.

Read Edit View history Tools v

®

In this example, the alternating sum of angles e

(clockwise from the bottom) is 90° — 45° + 22.5° —
22.5° + 45° — 90° + 22.5° — 22.5° = 0°. Since it adds
to zero, the crease pattern may be flat-folded.
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@ Faces: convex polygons colored black and white;



Origami crease patterns (OCP)

@ Faces: convex polygons colored black and white;
@ Angle condition: sum(white angles) = sum(black angles) = 7 around each
interior vertex: ay, = ay = 7 for interior v, 0 < af,a? < 7 for boundary v;.



Origami crease patterns (OCP)

@ Faces: convex polygons colored black and white;

@ Angle condition: sum(white angles) = sum(black angles) = 7 around each
interior vertex: ay, = ay = 7 for interior v, 0 < af,a? < 7 for boundary v;.

@ Origami map O: isometry on each face preserving/reversing the orientations of
white/black faces.



Space (R?) Time (R?)

@ OCP + its origami folding = 2-dimensional discrete PL surface in R?2.
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Space (IR?) Time (R?)

@ OCP + its origami folding = 2-dimensional discrete PL surface in R?2.
@ Minkowski norm on R??2: for x = (8, %) € R?2, set x? = [%|> — |¥|2.

@ Minkowski distance vanishes on each white/black face.



Space (IR?) Time (R?)

OCP + its origami folding = 2-dimensional discrete PL surface in R?2.

Minkowski norm on R?2: for x = (%, X) € R*?, set x2 = [£]? — |¥|2.
Minkowski distance vanishes on each white/black face.

Origami map does not increase distances: (x; — x;)> > 0, i.e., |& — | > |% — ¥|.



@ Origami map does not increase distances: (x; — x;)? > 0, i.e., |& — &| = [% — X;].



@ Origami map does not increase distances: (x; — x;)? >0, i.e., |& — &| > |% — %]

Definition

Let L > 0. An L-punctured polygon is a pair (P, y), where

P = (X1,X2, R 7X,,) € (R2’2)n and y= ()/(1)7}/(2)7 000

Y(w) € (R#2)L, such that
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AL 76
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% %

rd
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[ ]

A

==Yy =%=%X

(P.¥)



@ Origami map does not increase distances: (x; — x;)? >0, i.e., |& — &| > |% — %]

Definition

Let L > 0. An L-punctured polygon is a pair (P, y), where

P =(x1,%,---, %) € (R??)" and y = (y(1), ¥2)s - - - » Y1) € (R*?)E, such that
(xi — X,'_1)2 =0, (x— XJ)2 >0, (x— y(p))2 >0, (y(p) - y(,y))2 >0

for all non-adjacent 1 < i,j < nandall1<p#~vy<L,

K10 X1 2
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Ya) 5
X
. X I Xg
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@ Origami map does not increase distances: (x; — x;)? >0, i.e., |& — &| > |% — %]

Definition

Let L > 0. An L-punctured polygon is a pair (P, y), where

P =(x1,%,---, %) € (R??)" and y = (y(1), ¥2)s - - - » Y1) € (R*?)E, such that
(xi — X,'_1)2 =0, (x— XJ)2 >0, (x— y(p))2 >0, (y(p) - y(,y))2 >0

for all non-adjacent 1 < i,j < nandall 1 <p##~ <L, and such that

N

each j,) is located inside the polygon P = (%1, %2,...,X,).
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@ Origami map does not increase distances: (x; — x;)? >0, i.e., |& — &| > |% — %]
Definition

Let L > 0. An L-punctured polygon is a pair (P, y), where

P =(x1,%,---, %) € (R??)" and y = (y(1), ¥2)s - - - » Y1) € (R*?)E, such that
(xi — X,'_1)2 =0, (x— XJ)2 >0, (x— y(p))2 >0, (y(p) - y(,y))2 >0

for all non-adjacent 1 < i,j < nandall 1 <p##~ <L, and such that

N

each j,) is located inside the polygon P = (%1, %2,...,X,).
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Problem: Find an OCP with boundary P such that the origami map sends
K= X and §,) = ¥, for all i, p.



S0

X3 = %10
LN
Y1) B
X3
X5 i)‘?a ’
. ()] .
% (’P , _y) o % .
*J(2) .}"(1) = ¥@3)
o X =X%=Yo=%=5%
%
X X A (P7 .y)

% %6 X5
Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.

@ Recover white/black angle sums (af, a}) from the geometry of P:

af +af =& and af —af =& mod 27,
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.

@ Recover white/black angle sums (af, a}) from the geometry of P:

af +af =& and af —af =& mod 27,

@ Red folding ray splits the angle &; into angles (af,a?).
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.

@ Recover white/black angle sums (af, a}) from the geometry of P:
af +af =& and af —af =& mod 27,
@ Red folding ray splits the angle &; into angles (af,a?).

@ Blue folding ray splits the angle &; into angles (a?, a?).
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.

Origami Reconstruction Algorithm
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.

Origami Reconstruction Algorithm
@ Choose 1 < i < n and a red or a blue folding ray R; € R?2.
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.

Origami Reconstruction Algorithm
@ Choose 1 < i < n and a red or a blue folding ray R; € R?2.
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.
Origami Reconstruction Algorithm

@ Choose 1 < i< nand a red or a blue folding ray R; € R?2.
O Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) — xj)2 =0 or (xi(t) —y(p))2 =0forsomel<j<norl<p<L.
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.
Origami Reconstruction Algorithm

@ Choose 1 < i< nand a red or a blue folding ray R; € R?2.

O Let x;(t) = x; + tR;, and let t > 0 be minimal such that either

(xi(t) — x;)° = 0 or (xi(t) —y(p))2 =0forsomel<j<norl<p<L
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.
Origami Reconstruction Algorithm

@ Choose 1 < i< nand a red or a blue folding ray R; € R?2.

O Let x;(t) = x; + tR;, and let t > 0 be minimal such that either

(xi(t) — x;)° = 0 or (xi(t) —y(p))2 =0forsomel<j<norl<p<L
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Problem: Find an OCP with boundary P such that the origami map sends
K+ X and §,) = Y, forall i, p.
@ Choose 1 < i< nand a red or a blue folding ray R; € R?2.
O Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) — xj)2 =0 or (xi(t) —y(p))2 =0forsomel<j<norl<p<L.
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Problem: Find an OCP with boundary P such that the origami map sends
K+ X and §,) = Y, forall i, p.
@ Choose 1 < i< nand a red or a blue folding ray R; € R?2.
O Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) — xj)2 =0 or (xi(t) —y(p))2 =0forsomel<j<norl<p<L.
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.

Origami Reconstruction Algorithm
@ Choose 1 < i< nand a red or a blue folding ray R; € R?2.

O Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) — x;)° =0 or (xi(t) — y(p))2 =0forsomel<j<norl<p<L
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.
Origami Reconstruction Algorithm
@ Choose 1 < i< nand a red or a blue folding ray R; € R?2.
O Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) — xj)2 =0 or (xi(t) —y(p))2 =0forsomel<j<norl<p<L.
© Draw edges from x;(t) to all vertices u such that (x;(t) — u)? = 0.
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Problem: Find an OCP with boundary P such that the origami map sends
X; — X; and )7(/,) — )7(/,) for all f,p.
Origami Reconstruction Algorithm
@ Choose 1 < i< nand a red or a blue folding ray R; € R?2.
O Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) — xj)2 =0 or (xi(t) —y(p))2 =0forsomel<j<norl<p<L.
© Draw edges from x;(t) to all vertices u such that (x;(t) — u)? = 0.
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Problem: Find an OCP with boundary P such that the origami map sends

X; — X; and )7(/,) — )7(/,) for all f,p.

Origami Reconstruction Algorithm

@ Choose 1 < i< nand a red or a blue folding ray R; € R?2.
O Let x;(t) = x; + tR;, and let t > 0 be minimal such that either

(xi(t) — x;)° = 0 or (xi(t) —y(p))2 =0forsomel<j<norl<p<L

© Draw edges from x;(t) to all vertices u such that (x;(t) — u)? = 0.
Q Repeat.
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Problem: Find an OCP with boundary P such that the origami map sends
K= X and §,) = ¥, forall i, p.
Origami Reconstruction Algorithm
@ Choose 1 < i < nand a red or a blue folding ray R; € R?2.

Q Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(X,'(i')—XJ) =0 or (x(t) — y(p) =0forsomel<j<norl<p<L

© Draw edges from x;(t) to all vertices u such that (x;(t) — u)?> = 0.

Q Repeat.
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Problem: Find an OCP with boundary P such that the origami map sends
K= X and §,) = ¥, forall i, p.

Origami Reconstruction Algorithm

@ Choose 1 < i < nand a red or a blue folding ray R; € R?2.

Q Let x;(t) = x; + tR;, and let t > 0 be minimal such that either

(X,'(i')—XJ) =0 or (x(t) — y(,,) =0forsomel<j<norl<p<L
© Draw edges from x;(t) to all vertices u such that (x;(t)
Q Repeat.

Theorem (G.'26+)

The Origami Reconstruction Algorithm works.

—u)?=0.
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Problem: Find an OCP with boundary 79 such that the origami map sends
L= X and §(, V(p) for all i, p.

Origami Reconstruction Algorithm

@ Choose 1 < i < nand a red or a blue folding ray R; € R?2.

Q Let x;(t) = x; + tR;, and let t > 0 be minimal such that either

(X,'(l')—XJ) =0 or (x(t) — y(,,) =0forsomel<j<norl<p<L
© Draw edges from x;(t) to all vertices u such that (x;(t)
Q Repeat.

Theorem (G.'26+)

The Origami Reconstruction Algorithm works.
For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.

—u)?=0.




@ BCFW recursion — collection M2¢! 0
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@ BCFW recursion — collection FBC
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@ Planar dual pictures = possibilities in the Origami Reconstruction Algorithm:
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@ Planar dual pictures = possibilities in the Origami Reconstruction Algorithm:

X6

X5 X7

X4

Xgﬁ

X2



rBCFW

@ BCFW recursion — collection (L)

Xs\X6/X7
~— —

N
AN

of L-punctured planar bicolored graphs.

N\

BCFW ECF ) ™ -
“ k,n,(L) el T Z BCFW ‘\8 + X4 rEﬁYXn,(LA) Xg
— ~ kitho=k+1 o) W ~~
ni+ny=n+ L
X3 / \ X1 l_l +L2 - X3 X3 X1
X2 X2 X2

@ Planar dual pictures = possibilities in the Origami Reconstruction Algorithm:

X6

X5 X7 X5

Xg } Xa

X1

X2

X6

X7

X8

N

X2



rBCFW

@ BCFW recursion — collection (L)
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Conjecture (BCFW triangulation conjecture [AHT'13])

The BCFW tiles triangulate M) and A, .
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of L-punctured polygons.
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@ Loop momentum amplituhedron /\/lk is a linear slice of the space
M = {(Py) 1 (6 = )% (5 = ¥ () = Y2 > 05 9 inside P}
of L-punctured polygons.

@ ForT € FBCF(W) the BCFW tile M = image of the set of OCPs planar dual
to I under the map that forgets the locations of non-punctured faces.




Conjecture (BCFW triangulation conjecture [AHT'13])
The BCFW tiles triangulate M and Ak 2.0

@ Loop momentum amplituhedron /\/lkl' is a linear slice of the space
MmO = {(Poy) | (6= )2 (5 = )V W) = Y > 0 3 inside P |
of L-punctured polygons.

@ ForT € FBCF(W) the BCFW tile M = image of the set of OCPs planar dual
to I under the map that forgets the locations of non-punctured faces.
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Conjecture (BCFW triangulation conjecture [AHT'13])
The BCFW tiles triangulate M and Ak 2.0

@ Loop momentum amplituhedron /\/lkl' is a linear slice of the space
M = {(Py) 1 (6 = )% (5 = ¥ () = Y2 > 05 9 inside P}
of L-punctured polygons.

@ ForT € FBCF(W) the BCFW tile M = image of the set of OCPs planar dual
to I under the map that forgets the locations of non-punctured faces.

@

r OCP: Faces — R2:2 L—punctured polygon




Conjecture (BCFW triangulation conjecture [AHT'13])

The BCFW tiles triangulate M and Ak 2.0
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Loop momentum amplituhedron /\/lk is a linear slice of the space
M = {(Py) 1 (6 = )% (5 = ¥ () = Y2 > 05 9 inside P}
of L-punctured polygons.

@ ForT € FBCF(W) the BCFW tile M = image of the set of OCPs planar dual
to I under the map that forgets the locations of non-punctured faces.
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Conjecture (BCFW triangulation conjecture [AHT'13])

The BCFW tiles triangulate M and Ak 2.0
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Loop momentum amplituhedron /\/lk is a linear slice of the space
M = {(Py) 1 (6 = )% (5 = ¥ () = Y2 > 05 9 inside P}
of L-punctured polygons.

@ ForT € FBCF(W) the BCFW tile M = image of the set of OCPs planar dual
to I under the map that forgets the locations of non-punctured faces.

o Mhn(b) I_I Mr <= Origami Reconstruction Algorithm works.
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Conjecture (BCFW triangulation conjecture [AHT'13])
The BCFW tiles triangulate M and Ak 2.0

@ Loop momentum amplituhedron /\/lkl' is a linear slice of the space
M = {(Py) 1 (6 = )% (5 = ¥ () = Y2 > 05 9 inside P}
of L-punctured polygons.

@ ForT € FBCF(W) the BCFW tile M = image of the set of OCPs planar dual
to I under the map that forgets the locations of non-punctured faces.

o Mhn(b) I_I Mr <= Origami Reconstruction Algorithm works.
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Conjecture (BCFW triangulation conjecture [AHT'13])
The BCFW tiles triangulate M and Ak 2.0

@ Loop momentum amplituhedron /\/lkl' is a linear slice of the space
M = {(Py) 1 (6 = )% (5 = ¥ () = Y2 > 05 9 inside P}
of L-punctured polygons.

@ ForT € FBCF(W) the BCFW tile M = image of the set of OCPs planar dual
to I under the map that forgets the locations of non-punctured faces.

o Mhn(b) I_I Mr <= Origami Reconstruction Algorithm works.

ambient —
BCFW
re rk (L)

Mk,n,(L)

ambient

k,n,(L) —>Ak 2,n,(L)

ambient ambient

@ T-duality gives a triangulation-preserving map M




Dimer model

@ Dimer model: study of perfect matchings on weighted bipartite graphs
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Dimer model

Dimer model: study of perfect matchings on weighted bipartite graphs
Conformal invariance for the dimer model on Z? [Kenyon '00]
Conformal invariance for the Ising model:

e on Z? [Smirnov '10]

e on arbitrary lattices [Chelkak—Smirnov '12]
Dimer model in a disk <— positive Grassmannian [Postnikov '06]
Ising model «— positive orthogonal Grassmannian [G.—Pylyavskyy '20]
Convergence results for dimer model observables on OCPs:
[Kenyon-Lam—Ramassamy—Russkikh '18], [Chelkak—Laslier—Russkikh '21]
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Every weighted planar bipartite graph I' can be realized geometrically* as a
planar dual of an embedded OCP.
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Theorem (G. (2024))

This is true.

Follows from the origami—amplituhedron correspondence. O
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Conjecture (BCFW Triangulation Conjecture [AHT '13])
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Thanks!



