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Origami crease patterns (OCP)

PK1

PK2

PK3

PK4PK5PK6

PK7

Faces: convex polygons colored black and white;

Angle condition: sum(white angles) = sum(black angles) = π around each
interior vertex: α◦v = α•v = π for interior v , 0 < α◦i , α

•
i < π for boundary vi .

Origami map O: isometry on each face preserving/reversing the orientations of
white/black faces.
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Convergence results for dimer model observables on OCPs:
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]
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Conjecture (OCP Existence Conjecture [KLRR ’18], [CLR ’21])

Every weighted planar bipartite graph Γ can be realized geometrically∗ as a
planar dual of an embedded OCP.

∗geometric edge lengths of the OCP must be gauge-equivalent to the edge weights of Γ

Theorem (G. (2024))

This is true.

Proof.

Total positivity + physics of scattering amplitudes.
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Kami plane Origami plane

OCP + its origami folding = 2-dimensional discrete PL surface in R2,2 ∼= C× C.

Minkowski norm on R2,2:

for x = (xK, xO) ∈ R2,2, set x2 = |xK|2 − |xO|2.

Minkowski distance vanishes on each white/black face.

Origami map does not increase distances: (xi − xj)
2 > 0, i.e., |xKi − xKj | > |xOi − xOj |.



xK1 xK2

xK3

xK4xK5xK6xK7

xK8

xK9

xK10

xO1

xO2

xO1 = xO3

xO4 = xO10

xO1 = xO3 = xO5 = xO9

xO6 = xO8

xO7

PO1
PO2

PO3 PO4

PO5

PO6

PO7

PO8

PO9 PO10

Kami plane Origami plane

OCP + its origami folding = 2-dimensional discrete PL surface in R2,2 ∼= C× C.

Minkowski norm on R2,2:

for x = (xK, xO) ∈ R2,2, set x2 = |xK|2 − |xO|2.

Minkowski distance vanishes on each white/black face.

Origami map does not increase distances: (xi − xj)
2 > 0, i.e., |xKi − xKj | > |xOi − xOj |.



xK1

xK2

xK3

xK4xK5xK6xK7

xK8

xK9

xK10

xO1

xO2

xO1 = xO3

xO4 = xO10

xO1 = xO3 = xO5 = xO9

xO6 = xO8

xO7

PO1
PO2

PO3 PO4

PO5

PO6

PO7

PO8

PO9 PO10

Kami plane Origami plane

OCP + its origami folding = 2-dimensional discrete PL surface in R2,2 ∼= C× C.

Minkowski norm on R2,2: for x = (xK, xO) ∈ R2,2, set x2 = |xK|2 − |xO|2.

Minkowski distance vanishes on each white/black face.

Origami map does not increase distances: (xi − xj)
2 > 0, i.e., |xKi − xKj | > |xOi − xOj |.



xK1 xK2

xK3

xK4xK5xK6xK7

xK8

xK9

xK10

xO1

xO2

xO1 = xO3

xO4 = xO10

xO1 = xO3 = xO5 = xO9

xO6 = xO8

xO7

PO1
PO2

PO3 PO4

PO5

PO6

PO7

PO8

PO9 PO10

Kami plane Origami plane

OCP + its origami folding = 2-dimensional discrete PL surface in R2,2 ∼= C× C.

Minkowski norm on R2,2: for x = (xK, xO) ∈ R2,2, set x2 = |xK|2 − |xO|2.

Minkowski distance vanishes on each white/black face.

Origami map does not increase distances: (xi − xj)
2 > 0, i.e., |xKi − xKj | > |xOi − xOj |.



xK1 xK2

xK3

xK4xK5xK6xK7

xK8

xK9

xK10

xO2

xO1 = xO3

xO4 = xO10

xO1 = xO3 = xO5 = xO9

xO6 = xO8

xO7

PO1
PO2

PO3 PO4

PO5

PO6

PO7

PO8

PO9 PO10

Kami plane Origami plane

OCP + its origami folding = 2-dimensional discrete PL surface in R2,2 ∼= C× C.

Minkowski norm on R2,2: for x = (xK, xO) ∈ R2,2, set x2 = |xK|2 − |xO|2.

Minkowski distance vanishes on each white/black face.

Origami map does not increase distances: (xi − xj)
2 > 0, i.e., |xKi − xKj | > |xOi − xOj |.



xK1 xK2

xK3

xK4xK5xK6xK7

xK8

xK9

xK10

xO2

xO4 = xO10

xO1 = xO3 = xO5 = xO9

xO6 = xO8

xO7

PO1
PO2

PO3 PO4

PO5

PO6

PO7

PO8

PO9 PO10

Kami plane Origami plane

OCP + its origami folding = 2-dimensional discrete PL surface in R2,2 ∼= C× C.

Minkowski norm on R2,2: for x = (xK, xO) ∈ R2,2, set x2 = |xK|2 − |xO|2.

Minkowski distance vanishes on each white/black face.

Origami map does not increase distances: (xi − xj)
2 > 0, i.e., |xKi − xKj | > |xOi − xOj |.



xK1 xK2

xK3

xK4xK5xK6xK7

xK8

xK9

xK10

xO2

xO4 = xO10

xO1 = xO3 = xO5 = xO9

xO6 = xO8

xO7

PO1
PO2

PO3 PO4

PO5

PO6

PO7

PO8

PO9 PO10

Kami plane Origami plane

OCP + its origami folding = 2-dimensional discrete PL surface in R2,2 ∼= C× C.

Minkowski norm on R2,2: for x = (xK, xO) ∈ R2,2, set x2 = |xK|2 − |xO|2.

Minkowski distance vanishes on each white/black face.

Origami map does not increase distances: (xi − xj)
2 > 0, i.e., |xKi − xKj | > |xOi − xOj |.



xK1 xK2

xK3

xK4xK5xK6xK7

xK8

xK9

xK10

xO2

xO4 = xO10

xO1 = xO3 = xO5 = xO9

xO6 = xO8

xO7

PO1
PO2

PO3 PO4

PO5

PO6

PO7

PO8

PO9 PO10

Kami plane Origami plane

OCP + its origami folding = 2-dimensional discrete PL surface in R2,2 ∼= C× C.

Minkowski norm on R2,2: for x = (xK, xO) ∈ R2,2, set x2 = |xK|2 − |xO|2.

Minkowski distance vanishes on each white/black face.

Origami map does not increase distances: (xi − xj)
2 > 0, i.e., |xKi − xKj | > |xOi − xOj |.



xK1 xK2

xK3

xK4xK5xK6xK7

xK8

xK9

xK10

xO2

xO4 = xO10

xO1 = xO3 = xO5 = xO9

xO6 = xO8

xO7

PO1
PO2

PO3 PO4

PO5

PO6

PO7

PO8

PO9 PO10

Kami plane Origami plane

OCP + its origami folding = 2-dimensional discrete PL surface in R2,2 ∼= C× C.

Minkowski norm on R2,2: for x = (xK, xO) ∈ R2,2, set x2 = |xK|2 − |xO|2.

Minkowski distance vanishes on each white/black face.

Origami map does not increase distances: (xi − xj)
2 > 0, i.e., |xKi − xKj | > |xOi − xOj |.



Origami map does not increase distances: (xi − xj)
2 > 0, i.e., |xKi − xKj | > |xOi − xOj |.

Definition

Let L > 0. An L-punctured polygon is a pair (P, y), where
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2 > 0, (xi − y(ρ))
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for all non-adjacent 1 6 i , j 6 n and all 1 6 ρ 6= γ 6 L,

and such that
each yK(ρ) is located inside the polygon PK = (xK1 , x

K
2 , . . . , x
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Problem: Find an OCP with boundary PK such that the origami map sends
xKi 7→ xOi and yK(ρ) 7→ yO(ρ) for all i , ρ.
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Problem: Find an OCP with boundary PK such that the origami map sends
xKi 7→ xOi and yK(ρ) 7→ yO(ρ) for all i , ρ.
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Problem: Find an OCP with boundary PK such that the origami map sends
xKi 7→ xOi and yK(ρ) 7→ yO(ρ) for all i , ρ.

Recover white/black angle sums (α◦i , α
•
i ) from the geometry of P:

α◦i + α•i = αKi and α◦i − α•i ≡ αOi mod 2π.

Red folding ray splits the angle αKi into angles (α•i , α
◦
i ).

Blue folding ray splits the angle αKi into angles (α◦i , α
•
i ).

Origami Reconstruction Algorithm

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.

2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or

(
xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)

The Origami Reconstruction Algorithm works.

For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)

The Origami Reconstruction Algorithm works.

For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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Problem: Find an OCP with boundary PK such that the origami map sends
xKi 7→ xOi and yK(ρ) 7→ yO(ρ) for all i , ρ.

Recover white/black angle sums (α◦i , α
•
i ) from the geometry of P:

α◦i + α•i = αKi and α◦i − α•i ≡ αOi mod 2π.

Red folding ray splits the angle αKi into angles (α•i , α
◦
i ).

Blue folding ray splits the angle αKi into angles (α◦i , α
•
i ).

Origami Reconstruction Algorithm

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.

2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or

(
xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)

The Origami Reconstruction Algorithm works.

For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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Problem: Find an OCP with boundary PK such that the origami map sends
xKi 7→ xOi and yK(ρ) 7→ yO(ρ) for all i , ρ.

Recover white/black angle sums (α◦i , α
•
i ) from the geometry of P:

α◦i + α•i = αKi and α◦i − α•i ≡ αOi mod 2π.

Red folding ray splits the angle αKi into angles (α•i , α
◦
i ).

Blue folding ray splits the angle αKi into angles (α◦i , α
•
i ).

Origami Reconstruction Algorithm

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.

2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or

(
xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)

The Origami Reconstruction Algorithm works.

For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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Problem: Find an OCP with boundary PK such that the origami map sends
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Origami Reconstruction Algorithm

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.

2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or

(
xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)

The Origami Reconstruction Algorithm works.

For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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2 = 0 or
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xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.
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The Origami Reconstruction Algorithm works.
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)2
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3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.
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Problem: Find an OCP with boundary PK such that the origami map sends
xKi 7→ xOi and yK(ρ) 7→ yO(ρ) for all i , ρ.

Origami Reconstruction Algorithm

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.

2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or

(
xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)

The Origami Reconstruction Algorithm works.

For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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)2
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Problem: Find an OCP with boundary PK such that the origami map sends
xKi 7→ xOi and yK(ρ) 7→ yO(ρ) for all i , ρ.

Origami Reconstruction Algorithm

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.

2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or

(
xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)

The Origami Reconstruction Algorithm works.

For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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Problem: Find an OCP with boundary PK such that the origami map sends
xKi 7→ xOi and yK(ρ) 7→ yO(ρ) for all i , ρ.

Origami Reconstruction Algorithm

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.

2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or

(
xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)

The Origami Reconstruction Algorithm works.

For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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Problem: Find an OCP with boundary PK such that the origami map sends
xKi 7→ xOi and yK(ρ) 7→ yO(ρ) for all i , ρ.

Origami Reconstruction Algorithm

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.

2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or

(
xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)

The Origami Reconstruction Algorithm works.

For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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Problem: Find an OCP with boundary PK such that the origami map sends
xKi 7→ xOi and yK(ρ) 7→ yO(ρ) for all i , ρ.

Origami Reconstruction Algorithm

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.

2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or

(
xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)

The Origami Reconstruction Algorithm works.

For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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Problem: Find an OCP with boundary PK such that the origami map sends
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Origami Reconstruction Algorithm

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.

2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or

(
xi (t)− y(ρ)

)2
= 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.
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Theorem (G.’25+)

The Origami Reconstruction Algorithm works.
For all L-punctured polygons (P, y), it outputs a valid, embedded OCP.
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Feynman
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Algorithm (Britto–Cachazo–Feng–Witten (2005))

1 Choose 1 6 i 6 n and a red or a blue deformation ray Ri ∈ R2,2.
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poles zj of A
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.
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A(tree)(z)

z recursively.
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BCFW recursion computes A(tree)(P−1 ,P
−
2 ,P

−
3 ,P

+
4 ,P

+
5 ,P

+
6 ) in two different ways:

 [4|5+6|1〉3
[34][23]〈56〉〈61〉[2|3+4|5〉(x1−x4)2

+ [6|1+2|3〉3
[61][12]〈34〉〈45〉[2|3+4|5〉(x5−x2)2

 =


(x1−x4)6

[12][23]〈45〉〈56〉[1|2+3|4〉[3|4+5|6〉

+ 〈12〉3[45]3
〈16〉[34][3|4+5|6〉[5|6+1|2〉(x5−x2)2

+ 〈23〉3[56]3
〈34〉[16][1|2+3|4〉[5|6+1|2〉(x1−x4)2


It is far from obvious that these two representations of the amplitude are
equivalent.

Nor is it immediately apparent that the poles [2|3 + 4|5〉, [1|2 + 3|4〉,
[3|4 + 5|6〉, [5|6 + 1|2〉 are spurious, each of them cancelling, apparently
miraculously, when the terms are added.

— [Hodges. Eliminating spurious poles from gauge-theoretic amplitudes. 2009]

= =

Amplituhedron philosophy: [Hodges ’09] [Arkani-Hamed–Trnka ’13]

Ways to run BCFW recursion −→ triangulations of the amplituhedron

Terms in BCFW recursion ←→ pieces of a triangulation

Physical singularities ←→ external boundaries of the amplituhedron

:

〈j j + 1〉, [j j + 1], and (xi − xj)
2.

Spurious singularities ←→ boundaries between pieces

A(P1,P2, . . . ,Pn) ←→ “volume” of the amplituhedron
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Conjecture (BCFW Triangulation Conjecture [AHT’13])

The BCFW cells triangulate the amplituhedron.

The tree amplituhedron corresponds to A(tree), and the more general loop
amplituhedron corresponds to A(L) with arbitrary number L > 0 of loops.

A(P1,P2, . . . ,Pn) =
∑

Feynman
diagram D

AD = A(tree) + A(L=1) + A(L=2) + · · · .

A(P1, . . . ,Pn) is conformally invariant under SO+(3, 3) acting on momentum
space Pi ∈ R2,2.
T-duality: a nonlinear coordinate change (P1,P2, . . . ,Pn)↔ (ν1, ν2, . . . , νn),
with νi ∈ R4 [Hodges’09].
A(ν1, . . . , νn) is dual conformally invariant under SL(4) acting on T-dual
space νi ∈ R4.

T-dual space Momentum space

Tree amplituhedron A(tree)
n [AHT’13] M(tree)

n [DFLP’19]

Loop amplituhedron A(L)
n [AHT’13] M(L)

n

[FL’23] [G.’25+]
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(4) BCFW cells triangulate loop momentum amplituhedron.

Theorem (G.’25+)

All 4 conjectures are true.

Proof.

Loop momentum amplituhedron M(L)
n is a linear slice of the space{

(P, y) | (xi − xj)
2, (xi − y(ρ))

2, (y(ρ) − y(γ))
2 > 0, and yK(ρ) is inside PK

}
of L-punctured polygons.

With this formulation, (4) becomes equivalent to the previous result that the
Origami Reconstruction Algorithm always outputs a valid, embedded OCP.

Our approach also implies that (2) is equivalent to (4).

T-dual space Momentum space

Tree amplituhedron A(tree)
n [AHT’13] M(tree)

n [DFLP’19]

Loop amplituhedron A(L)
n [AHT’13] M(L)

n [FL’23] [G.’25+]



Conjecture (BCFW Triangulation Conjecture [AHT’13])

(1) BCFW cells triangulate tree T-dual amplituhedron. [ELT’21], [ELPSBTW’24]

(2) BCFW cells triangulate loop T-dual amplituhedron.
(3) BCFW cells triangulate tree momentum amplituhedron.

[G.’24]

(4) BCFW cells triangulate loop momentum amplituhedron.

Theorem (G.’25+)

All 4 conjectures are true.

Proof.

Loop momentum amplituhedron M(L)
n is a linear slice of the space{

(P, y) | (xi − xj)
2, (xi − y(ρ))

2, (y(ρ) − y(γ))
2 > 0, and yK(ρ) is inside PK

}
of L-punctured polygons.

With this formulation, (4) becomes equivalent to the previous result that the
Origami Reconstruction Algorithm always outputs a valid, embedded OCP.

Our approach also implies that (2) is equivalent to (4).

T-dual space Momentum space

Tree amplituhedron A(tree)
n [AHT’13] M(tree)

n [DFLP’19]

Loop amplituhedron A(L)
n [AHT’13] M(L)

n [FL’23] [G.’25+]



Conjecture (BCFW Triangulation Conjecture [AHT’13])

(1) BCFW cells triangulate tree T-dual amplituhedron. [ELT’21], [ELPSBTW’24]

(2) BCFW cells triangulate loop T-dual amplituhedron.
(3) BCFW cells triangulate tree momentum amplituhedron. [G.’24]

(4) BCFW cells triangulate loop momentum amplituhedron.

Theorem (G.’25+)

All 4 conjectures are true.

Proof.

Loop momentum amplituhedron M(L)
n is a linear slice of the space{

(P, y) | (xi − xj)
2, (xi − y(ρ))

2, (y(ρ) − y(γ))
2 > 0, and yK(ρ) is inside PK

}
of L-punctured polygons.

With this formulation, (4) becomes equivalent to the previous result that the
Origami Reconstruction Algorithm always outputs a valid, embedded OCP.

Our approach also implies that (2) is equivalent to (4).

T-dual space Momentum space

Tree amplituhedron A(tree)
n [AHT’13] M(tree)

n [DFLP’19]

Loop amplituhedron A(L)
n [AHT’13] M(L)

n [FL’23] [G.’25+]



Conjecture (BCFW Triangulation Conjecture [AHT’13])

(1) BCFW cells triangulate tree T-dual amplituhedron. [ELT’21], [ELPSBTW’24]

(2) BCFW cells triangulate loop T-dual amplituhedron.
(3) BCFW cells triangulate tree momentum amplituhedron. [G.’24]

(4) BCFW cells triangulate loop momentum amplituhedron.

Theorem (G.’25+)

All 4 conjectures are true.

Proof.

Loop momentum amplituhedron M(L)
n is a linear slice of the space{

(P, y) | (xi − xj)
2, (xi − y(ρ))

2, (y(ρ) − y(γ))
2 > 0, and yK(ρ) is inside PK

}
of L-punctured polygons.

With this formulation, (4) becomes equivalent to the previous result that the
Origami Reconstruction Algorithm always outputs a valid, embedded OCP.

Our approach also implies that (2) is equivalent to (4).

T-dual space Momentum space

Tree amplituhedron A(tree)
n [AHT’13] M(tree)

n [DFLP’19]

Loop amplituhedron A(L)
n [AHT’13] M(L)

n [FL’23] [G.’25+]



Conjecture (BCFW Triangulation Conjecture [AHT’13])

(1) BCFW cells triangulate tree T-dual amplituhedron. [ELT’21], [ELPSBTW’24]

(2) BCFW cells triangulate loop T-dual amplituhedron.
(3) BCFW cells triangulate tree momentum amplituhedron. [G.’24]

(4) BCFW cells triangulate loop momentum amplituhedron.

Theorem (G.’25+)

All 4 conjectures are true.

Proof.

Loop momentum amplituhedron M(L)
n is a linear slice of the space{

(P, y) | (xi − xj)
2, (xi − y(ρ))

2, (y(ρ) − y(γ))
2 > 0, and yK(ρ) is inside PK

}
of L-punctured polygons.

With this formulation, (4) becomes equivalent to the previous result that the
Origami Reconstruction Algorithm always outputs a valid, embedded OCP.

Our approach also implies that (2) is equivalent to (4).

T-dual space Momentum space

Tree amplituhedron A(tree)
n [AHT’13] M(tree)

n [DFLP’19]

Loop amplituhedron A(L)
n [AHT’13] M(L)

n [FL’23] [G.’25+]



Conjecture (BCFW Triangulation Conjecture [AHT’13])

(1) BCFW cells triangulate tree T-dual amplituhedron. [ELT’21], [ELPSBTW’24]

(2) BCFW cells triangulate loop T-dual amplituhedron.
(3) BCFW cells triangulate tree momentum amplituhedron. [G.’24]

(4) BCFW cells triangulate loop momentum amplituhedron.

Theorem (G.’25+)

All 4 conjectures are true.

Proof.

Loop momentum amplituhedron M(L)
n is a linear slice of the space{

(P, y) | (xi − xj)
2, (xi − y(ρ))

2, (y(ρ) − y(γ))
2 > 0, and yK(ρ) is inside PK

}
of L-punctured polygons.

With this formulation, (4) becomes equivalent to the previous result that the
Origami Reconstruction Algorithm always outputs a valid, embedded OCP.

Our approach also implies that (2) is equivalent to (4).

T-dual space Momentum space

Tree amplituhedron A(tree)
n [AHT’13] M(tree)

n [DFLP’19]

Loop amplituhedron A(L)
n [AHT’13] M(L)

n [FL’23] [G.’25+]



Conjecture (BCFW Triangulation Conjecture [AHT’13])

(1) BCFW cells triangulate tree T-dual amplituhedron. [ELT’21], [ELPSBTW’24]

(2) BCFW cells triangulate loop T-dual amplituhedron.
(3) BCFW cells triangulate tree momentum amplituhedron. [G.’24]

(4) BCFW cells triangulate loop momentum amplituhedron.

Theorem (G.’25+)

All 4 conjectures are true.

Proof.

Loop momentum amplituhedron M(L)
n is a linear slice of the space{

(P, y) | (xi − xj)
2, (xi − y(ρ))

2, (y(ρ) − y(γ))
2 > 0, and yK(ρ) is inside PK

}
of L-punctured polygons.

With this formulation, (4) becomes equivalent to the previous result that the
Origami Reconstruction Algorithm always outputs a valid, embedded OCP.

Our approach also implies that (2) is equivalent to (4).

T-dual space Momentum space

Tree amplituhedron A(tree)
n [AHT’13] M(tree)

n [DFLP’19]

Loop amplituhedron A(L)
n [AHT’13] M(L)

n [FL’23] [G.’25+]



Conjecture (BCFW Triangulation Conjecture [AHT’13])

(1) BCFW cells triangulate tree T-dual amplituhedron. [ELT’21], [ELPSBTW’24]

(2) BCFW cells triangulate loop T-dual amplituhedron.
(3) BCFW cells triangulate tree momentum amplituhedron. [G.’24]

(4) BCFW cells triangulate loop momentum amplituhedron.

Theorem (G.’25+)

All 4 conjectures are true.

Proof.

Loop momentum amplituhedron M(L)
n is a linear slice of the space{

(P, y) | (xi − xj)
2, (xi − y(ρ))

2, (y(ρ) − y(γ))
2 > 0, and yK(ρ) is inside PK

}
of L-punctured polygons.

With this formulation, (4) becomes equivalent to the previous result that the
Origami Reconstruction Algorithm always outputs a valid, embedded OCP.

Our approach also implies that (2) is equivalent to (4).

T-dual space Momentum space

Tree amplituhedron A(tree)
n [AHT’13] M(tree)

n [DFLP’19]

Loop amplituhedron A(L)
n [AHT’13] M(L)

n [FL’23] [G.’25+]



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒

its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)
n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒

its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)
n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒

its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)
n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒

its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)
n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒

its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)
n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;

Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒

its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)
n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒

its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)
n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒

its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)
n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒
its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)

n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒
its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)

n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒
its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)

n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.



Origami–Amplituhedron Correspondence
Conformal invariance for the dimer model on Z2 [Kenyon ’00]

Conformal invariance for the critical Ising model:

on Z2 [Smirnov ’10]

on arbitrary lattices [Chelkak–Smirnov ’12]

Kenyon–Smirnov primitives of pairs of discrete holomorphic functions
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied modulo 2π;
Hard: the output is usually not embedded.

Theorem (Origami–Amplituhedron Correspondence (G. 2024))

A Kenyon–Smirnov primitive gives rise to an embedded OCP ⇐⇒
its R2,2-boundary polygon belongs to the tree momentum amplituhedronM(tree)

n .

Proof relies on T-duality for amplituhedra in an essential way.

Proofs of BCFW Triangulation Conjecture of [AHT ’13] and of the
OCP Existence Conjecture of [KLRR ’18], [CLR ’21] follow from this theorem.

Conjecture (BCFW Triangulation Conjecture [AHT ’13])

The BCFW cells triangulate the amplituhedron.
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Conjecture (OCP Existence Conjecture [KLRR ’18], [CLR ’21])

Every weighted planar bipartite graph Γ can be realized geometrically as a planar
dual of an embedded OCP.
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