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Part 1: T -systems



General T -systems (Nakanishi, 2011)
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Bipartite recurrent quivers
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Bipartite T -system
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Bipartite T -system
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Four classes of quivers

“finite ⊠ finite” “affine ⊠ finite” “affine ⊠ affine” “wild”
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Example: finite ⊠ finite
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Four classes of quivers

“finite ⊠ finite” “affine ⊠ finite” “affine ⊠ affine” “wild”
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Example: affine ⊠ finite

a b
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Four classes of quivers

“finite ⊠ finite” “affine ⊠ finite” “affine ⊠ affine” “wild”

periodic linearizable
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Example: affine ⊠ affine
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Four classes of quivers

“finite ⊠ finite” “affine ⊠ finite” “affine ⊠ affine” “wild”

periodic linearizable
grows as

exp(t2)
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Example: wild
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Four classes of quivers

“finite ⊠ finite” “affine ⊠ finite” “affine ⊠ affine” “wild”

periodic linearizable
grows as
exp(t2)
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Part 2: The master conjecture



ADE Dynkin diagrams
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Affine ⊠ finite quivers

“Affine ⊠ finite quiver”
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Affine ⊠ finite quivers
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Affine ⊠ finite quivers
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Four classes of quivers
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Master conjecture

Conjecture (G.-Pylyavskyy, 2016)

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 19 / 43



Master conjecture

Conjecture (G.-Pylyavskyy, 2016)

finite ⊠ finite ⇐⇒ periodic

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 19 / 43



Master conjecture

Conjecture (G.-Pylyavskyy, 2016)

finite ⊠ finite ⇐⇒ periodic

affine ⊠ finite ⇐⇒ linearizable, but not periodic

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 19 / 43



Master conjecture

Conjecture (G.-Pylyavskyy, 2016)

finite ⊠ finite ⇐⇒ periodic

affine ⊠ finite ⇐⇒ linearizable, but not periodic

affine ⊠ affine ⇐⇒ grows as exp(t2)

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 19 / 43



Master conjecture

Conjecture (G.-Pylyavskyy, 2016)

finite ⊠ finite ⇐⇒ periodic

affine ⊠ finite ⇐⇒ linearizable, but not periodic

affine ⊠ affine ⇐⇒ grows as exp(t2)

wild ⇐⇒ grows as exp(exp(t))

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 19 / 43



Results

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 20 / 43



Results

Theorem (G.-Pylyavskyy, 2016)

Periodic ⇐⇒ finite ⊠ finite

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 20 / 43



Results

Theorem (G.-Pylyavskyy, 2016)

Periodic ⇐⇒ finite ⊠ finite

Theorem (G.-Pylyavskyy, 2016)

Linearizable =⇒ affine ⊠ finite or finite ⊠ finite

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 20 / 43



Results

Theorem (G.-Pylyavskyy, 2016)

Periodic ⇐⇒ finite ⊠ finite

Theorem (G.-Pylyavskyy, 2016)

Linearizable =⇒ affine ⊠ finite or finite ⊠ finite

Theorem (G.-Pylyavskyy, 2017)

Grows slower than exp(exp(t)) =⇒ affine ⊠ affine, affine ⊠ finite, or finite ⊠ finite

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 20 / 43



Results

Theorem (G.-Pylyavskyy, 2016)

Periodic ⇐⇒ finite ⊠ finite

Theorem (G.-Pylyavskyy, 2016)

Linearizable =⇒ affine ⊠ finite or finite ⊠ finite

Theorem (G.-Pylyavskyy, 2017)

Grows slower than exp(exp(t)) =⇒ affine ⊠ affine, affine ⊠ finite, or finite ⊠ finite

What is left:

Conjecture (G.-Pylyavskyy, 2017)

affine ⊠ finite =⇒ linearizable

affine ⊠ affine =⇒ grows as exp(t2)

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 20 / 43



Tensor product

D5 ⊗ A3

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 21 / 43



Tensor product

D5 ⊗ A3

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 21 / 43



Tensor product

D5 ⊗ A3

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 21 / 43



Zamolodchikov periodicity

Theorem (B. Keller, 2013)

Tensor product of finite Dynkin diagrams =⇒ the T -system is periodic.
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ADE Dynkin diagrams

Name Finite diagram h Affine diagram Name

An n+ 1
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Ân−1

Dn 2n− 2
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D̂n−1
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Zamolodchikov periodicity

Theorem (B. Keller, 2013)

Tensor product of finite Dynkin diagrams =⇒ the T -system is periodic
with period dividing

2(h + h′).
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Results

Theorem (G.-Pylyavskyy, 2016)

Periodic ⇐⇒ finite ⊠ finite

Theorem (G.-Pylyavskyy, 2016)
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Finite ⊠ finite quivers

h = 9 + 1 = 12− 2 = 10; h′ = 5 + 1 = 8− 2 = 6; Period = 32
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Part 3: The classification



Finite ⊠ finite classification (Stembridge, 2010)

5 infinite families and 11 exceptional quivers
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Scaling factor: affine ⊠ finite
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Finite Dynkin diagrams

Aℓ — — · · · — — Bℓ — — · · · — ⇒

Cℓ ⇒ — · · · — —
Dℓ — — · · · — —

—

E6 — — — —

—

E7 — — — — —

—

E8 — — — — — —

— F4 — ⇒ —

G2 ⇛
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Affine ⊠ finite classification

15 infinite families and 4 exceptional cases

D̂6⇒Â7
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Scaling factor: affine ⊠ affine
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Scaling factor: affine ⊠ affine
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Pavel Galashin (MIT) Zamolodchikov periodicity and integrability UMich, September 15, 2017 33 / 43



Scaling factor: affine ⊠ affine

1

2

1

2

3

2

1

1

1

1

1

1

1

3

2

4

6

5

4

3

2

1

3

2

4

6

5

4

3

2

1

scf = (1, 4) scf = (2, 2)
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Affine Kac diagrams

A
(1)
ℓ

(ℓ ≥ 2) — — · · · — —
D

(1)
ℓ

(ℓ ≥ 4) — — — · · · — —

— —

E
(1)
6 — — — —

—
—

E
(1)
7 — — — — — —

—

D
(2)
ℓ+1(ℓ ≥ 2) ⇐ — · · · — ⇒

E
(1)
8 — — — — — — —

—

A
(1)
1 ⇔ A

(2)
1 G

(1)
2 — ⇛ D

(3)
4 — ⇚

B
(1)
ℓ

(ℓ ≥ 3) — — · · · — ⇒

—

A
(2)
2ℓ−1(ℓ ≥ 3) — — · · · — ⇐

—

C
(1)
ℓ

(ℓ ≥ 2) ⇒ — · · · — ⇐ A
(2)
2ℓ (ℓ ≥ 2) ⇐ — · · · — ⇐

F
(1)
4 — — ⇒ — E

(2)
6 — — ⇐ —
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Pairs of affine Kac diagrams

Â11⇒Â5⇐D̂5

D̂
4
⇐
D̂
6
—
D̂
6
⇒
D̂
4
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Toric quivers
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Affine ⊠ affine classification: 40 infinite, 13 exceptional
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Results

Theorem (G.-Pylyavskyy, 2016)

Periodic ⇐⇒ finite ⊠ finite

Theorem (G.-Pylyavskyy, 2016)

Linearizable =⇒ affine ⊠ finite or finite ⊠ finite

Theorem (G.-Pylyavskyy, 2017)

Grows slower than exp(exp(t)) =⇒ affine ⊠ affine, affine ⊠ finite, or finite ⊠ finite

What is left:

Conjecture (G.-Pylyavskyy, 2017)

affine ⊠ finite =⇒ linearizable

affine ⊠ affine =⇒ grows as exp(t2)
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Ocneanu graphs (2001)
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McKay correspondence

Theorem (J. McKay, 1980)

There is a one-to-one correspondence between finite subgroups of SU(2)
and affine ADE Dynkin diagrams:

Dynkin diagram Binary polyhedral group

Ân Binary cyclic group

D̂n Binary dihedral group

Ê6 Binary tetrahedral group

Ê7 Binary octahedral group

Ê8 Binary icosahedral group
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McKay correspondence
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